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Abstract
In this paper, we study when the kernel of a complete hereditary cotorsion pair
is the additive closure of a tilting module. Applications go in three directions. The
first is to characterize when the little finitistic dimension is finite. The second is
to obtain equivalent formulations for a Wakamatsu tilting module to be a tilting
module. The third is to give some new characterizations of Gorenstein rings.
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1. Introduction
Tilting theory started in the context of finitely generated modules over Artin algebras and
was further generalized over arbitrary associative rings with unit and to infinitely generated
modules (see [1, 3, 19, 20, 21, 28]). Recall that the tilting class B associated to a tilting module
T over a ring R is the class of R-modules satisfying B = T⊥∞ [28]. Tilting modules and classes
occur naturally in various areas of contemporary module theory. For example, finiteness of
the left little finitistic dimension of a left Noetherian ring R is equivalent to the existence of a
particular tilting class (see [4, Theorem 2.6]).
Cotorsion pairs were invented by Salce [34] in the category of abelian groups and have been
deeply studied in approximation theory of modules [28], especially in the proof of the Flat
Cover Conjecture [13]. Let KC = A ∩ B be the kernel of the cotorsion pair C = (A,B). The
additive closure AddM of a module M over a ring R is defined as the class of all modules
that are isomorphic to direct summands of direct sums of copies M . An interesting and deep
result in [1] is that an n-tilting class B can be characterized by the properties of cotorsion
pairs: C = (A,B) is a complete hereditary cotorsion pair, A consists of modules of projective
dimension at most n and KC is closed under arbitrary direct sums. We note that the proof of
this result relies on the fact that for any complete hereditary cotorsion pair C = (A,B), if B
is an n-tilting class then KC = AddT for some n-tilting R-module T . However the converse is
∗Corresponding author.
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not true in general (see Example 2.6). The following is our first main result which gives some
criteria for the kernel of a complete hereditary cotorsion pair to be the additive closure of a
tilting module.
Theorem 1.1. Let R be a ring and C = (A,B) a complete hereditary cotorsion pair of R-
modules, and let Pn (GPn) be the class of R-modules of finite projective (Gorenstein projective)
dimension at most n. Then the following are equivalent for any nonnegative integer n:
(1) KC = AddT , where T is an n-tilting R-module.
(2) KC ⊆ Pn, A ⊆ GPn and KC is closed under direct sums.
(3) KC ⊆ Pn and B = T
⊥∞ ∩ X⊥∞, where T is an n-tilting R-module and X is a class of
strongly Gorenstein projective R-modules.
Moreover, if B = G⊥∞ for an R-module G and ΩnG is an n-th syzygy of G, then the
above conditions are equivalent to
(4) B = T⊥∞ ∩ N⊥∞, where T is an n-tilting R-module and N is a strongly Gorenstein
projective R-module.
(5) KC is closed under direct sums and there is a strongly Gorenstein projective R-module
M in A such that ΩnG is a direct summand of M .
(6) KC is closed under direct sums and there is a strongly Gorenstein projective R-module
N in A such that (ΩnG)⊥∞ = N⊥∞.
Let P<∞ (GP<∞) be the class of finitely generated modules with finite projective (Gorenstein
projective) dimension. Recall that the left little finitistic dimension of a ring R is
findim(R) = sup{pdRM | M ∈ P
<∞}.
As the first application of Theorem 1.1, the next result characterizes when the little finitistic
dimension is finite. See 4.3 for the proof.
Theorem 1.2. Let R be a left Noetherian ring. Then the following are equivalent:
(1) findim(R) < ∞.
(2) KC = AddT , where C = (
⊥((P<∞)⊥∞), (P<∞)⊥∞) and T is a tilting R-module.
(3) KC = AddT , where C = (
⊥((GP<∞)⊥∞), (GP<∞)⊥∞) and T is a tilting R-module.
Note that the equivalence of conditions (1) and (2) in Theorem 1.2 is due to Angeleri-Hu¨gel
and Trlifaj, where they proved that for any left Noetherian ring R, findim(R) < ∞ if and only
if (P<∞)⊥∞ is a tilting class (see [4, Theorem 2.6]).
The famous Finitistic Dimension Conjecture states that the little finitistic dimension findim(R)
is finite for every Artin algebra R (see [5, 7]). Theorem 1.2 above gives criteria for the validity
of this conjecture.
Wakamatsu in [37] introduced and studied the so-called generalized tilting modules, which
are usually called Wakamatsu tilting modules, see [11, 33]. Tilting modules are Wakamatsu
tilting modules, but the converse is not true in general because a Wakamatsu tilting module
can have infinite projective dimension. As the second application of Theorem 1.1, we have the
next result which gives equivalent formulations for a Wakamatsu tilting module to be a tilting
module. See Theorem 4.4.
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Theorem 1.3. Let R be a ring and ω a Wakamatsu tilting R-module. Fix an exact sequence
0→ R→ ω0
f0
−→ · · · → ωi
fi
−→ · · · with ωi ∈ addω and ker(fi) ∈
⊥∞ω for i ≥ 0. If we set A =
⊕
i>0
ker(fi), then the following are equivalent for any nonnegative integer n:
(1) ω is an n-tilting R-module.
(2) ω⊥>n = A⊥>n and KC = AddT , where C = (
⊥(A⊥∞), A⊥∞) and T is an n-tilting
R-module.
(3) KC = AddT , where C = (
⊥((ω ⊕A)⊥∞), (ω ⊕A)⊥∞) and T is an n-tilting R-module.
As a consequence of Theorem 1.3, we characterize when a Wakamatsu tilting module of finite
projective dimension is a tilting module, see Corollary 4.5.
Recall that a ring R is called Gorenstein (or Iwanaga-Gorenstein) [30] if it is both left
and right Noetherian and R has finite self-injective dimension on either side. In the case of
commutative rings, this definition of Gorenstein rings coincides with Gorenstein rings of finite
Krull dimension originally defined by Bass in [8]. For more details about Gorenstein rings, see
[6, Section 3] and [26, Chapter 9].
As the third application of Theorem 1.1, the following result gives some new characterizations
of Gorenstein rings. See Propositions 4.8 and 4.9.
Theorem 1.4. Let R be a commutative ring. Then the following are equivalent:
(1) R is a Gorenstein ring.
(2) KC = AddT , where C = (
⊥GI, GI) and T is a tilting R-module.
(3) KC = AddT , where C = (R-Mod, I) and T is a tilting R-module.
Moreover, if R is a commutative Noetherian ring of finite Krull dimension, then the
above conditions are equivalent to
(4) For any exact sequence · · · → T2
d2−→ T1
d1−→ T0
d0−→ · · · of tilting R-modules, KC =
AddT , where C = (⊥((⊕ ker(di))
⊥∞), (⊕ ker(di))
⊥∞) and T is a tilting R-module.
(5) For any exact sequence · · · → T2
d2−→ T1
d1−→ T0
d0−→ · · · of tilting R-modules, each ker(di)
has finite Gorenstein projective dimension.
We note that the equivalence of conditions (1) and (2) in Theorem 1.4 is related to a result by
Angeleri-Hu¨gel, Herbera and Trlifaj [2]. In their paper, they proved that a two-sided Noetherian
ring R is Gorenstein if and only if Gorenstein injective left and right R-modules form a tilting
class, see [2, Theorem 3.4].
We conclude this section by summarizing the contents of this paper. Section 2 contains
some notations, definitions and lemmas for use throughout this paper. Section 3 is devoted to
proving Theorem 1.1. Section 4 is some applications of Theorem 1.1, including the proofs of
Theorems 1.2-1.4.
2. Preliminaries
Throughout this paper, R is an associative ring with identity and R-Mod is the category of
left R-modules. Unless otherwise stated, all R-modules are left R-modules.
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Next we recall some basic definitions and properties needed in the sequel. For more details
the reader can consult [4, 26, 28].
Notation. Let C be a full subcategory of R-Mod and n a nonnegative integer. The classes
C⊥, ⊥C, C⊥>n , C⊥∞ and ⊥∞C of C are defined as follows:
C⊥ = {M ∈ R-Mod | Ext1R(C,M) = 0 for all C ∈ C},
⊥C = {M ∈ R-Mod | Ext1R(M,C) = 0 for all C ∈ C},
C⊥>n = {M ∈ R-Mod | Extn+iR (C,M) = 0 for all C ∈ C and all i ≥ 1},
C⊥∞ = {M ∈ R-Mod | ExtiR(C,M) = 0 for all C ∈ C and all i ≥ 1}.
⊥∞C = {M ∈ R-Mod | ExtiR(M,C) = 0 for all C ∈ C and all i ≥ 1}.
For C = {C}, we write for short C⊥, ⊥C, C⊥>n , C⊥∞ and ⊥∞C instead of {C}⊥, ⊥{C},
{C}⊥>n , {C}⊥∞ and ⊥∞{C}, respectively.
If · · · // Pi
fi // · · · // P0
f0 // M // 0 is a projective resolution of M , then
im(fi) is called an i-th syzygy of M . We denote it by Ω
iM (Ω0M = M).
Let n be a nonnegative integer. For any R-module M , pdRM is the projective dimension of
M . For convenience, we set Pn the class of R-modules M with pdRM ≤ n.
Given an R-module M , we denote by AddM (resp. addM) the class of all modules that are
isomorphic to direct summands of direct sums (resp. finite direct sums) of copies M .
Cotorsion pairs. Let A and B be classes in R-Mod. Recall that a pair C = (A,B) is called a
cotorsion pair [28, 34] if A = ⊥B and B = A⊥. The class KC = A∩B is called the kernel of C.
A cotorsion pair (A, B) is said to be hereditary [28] if ExtiR(A,B) = 0 for all i ≥ 1, A ∈ A
and B ∈ B, equivalently, if whenever 0→ A3 → A2 → A1 → 0 is exact with A2, A1 ∈ A, then
A3 is also in A, or equivalently, if whenever 0 → B1 → B2 → B3 → 0 is exact with B1, B2 ∈
B, then B3 is also in B.
A cotorsion pair (A,B) is complete [28] if one of the following two equivalent conditions
holds:
• For each R-module M , there is an exact sequence 0 → M → B → L→ 0 with B ∈ B
and L ∈ A.
• For each R-module M , there is an exact sequence 0→ D → C →M → 0 with C ∈ A
and D ∈ B.
A cotorsion pair (A,B) is generated by a set [28] provided that there is a set S of R-modules
such that S⊥ = B (i.e., (A,B) = (⊥(S⊥),S⊥)). In the literature, this is sometimes called the
cotorsion pair cogenerated by S. Here, however, we use the terminology from [28]. By [28,
Theorem 3.2.1], each cotorsion pair generated by a set is complete. Moreover, we have the
following lemma.
Lemma 2.1. Let R be a ring and M an R-module. Then (⊥(M⊥∞),M⊥∞) is a complete
hereditary cotorsion pair.
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Proof. Let M be an R-module. It is easy to check that M⊥∞ = U⊥, where U =
⊕
i>0
ΩiM .
Thus (⊥(M⊥∞),M⊥∞) is a complete cotorsion pair by [28, Theorem 3.2.1]. One can check
that (⊥(M⊥∞),M⊥∞) is also a hereditary cotorsion pair by the definition. 
In the following, for an R-moduleM , we set KM =
⊥(M⊥∞)∩M⊥∞ . It follows from Lemma
2.1 that KM = KC whenever C = (
⊥(M⊥∞),M⊥∞). For more detailed information about
cotorsion pairs, we refer the reader to [26, 28].
Gorenstein projective modules. Following [25, 29], an R-module G is called Gorenstein
projective if there is an exact sequence of projective R-modules
P : · · · // P−2
f−2
// P−1
f−1
// P 0
f0
// P 1
f1
// · · ·
such that G ∼= ker(f0) and HomR(P, Q) is exact for every projective R-module Q. In this case,
the complex P is also called a totally acyclic complex of projective R-modules. It is clear that
each ker(f i) is Gorenstein projective.
Let n be a nonnegative integer. The Gorenstein projective dimension, GpdRG, of an R-
module G is defined by declaring that GpdRG ≤ n if, and only if there is an exact sequence
0 → Gn → · · · → G0 → G → 0 with all Gi Gorenstein projective (see [29, Definition 2.8]).
By [29, Proposition 2.27], GpdRM = pdRM whenever pdRM < ∞, and so any Gorenstein
projective module with finite projective dimension is projective.
In the following, we use GPn to denote the class of R-modules M with GpdRM ≤ n. By
[29, Proposition 2.7], we get that an R-module G belongs to GPn if and only if any n-th syzygy
ΩnG of G is Gorenstein projective.
Lemma 2.2. Let G and M be R-modules. Then the following are true for any nonnegative
integer n:
(1) If ExtiR(G,M) = 0 for all i ≥ n+ 1, then Ext
i
R(W,M) = 0 for all W ∈
⊥(G⊥∞) and
i ≥ n+ 1.
(2) If G ∈ Pn, then
⊥(G⊥∞) ⊆ Pn.
(3) If G ∈ GPn, then
⊥(G⊥∞) ⊆ GPn.
Proof. (1) Consider the exact sequence 0 → M → E0 → · · · → En−1 → L → 0 with each Ei
injective, we have ExtkR(G,L)
∼= Extn+kR (G,M) for k ≥ 1. By assumption, Ext
k
R(G,L) = 0 for
k ≥ 1. Thus L ∈ G⊥∞ . Note that (⊥(G⊥∞), G⊥∞) is a hereditary cotorsion pair. Therefore
ExtkR(W,L) = 0 for any W ∈
⊥(G⊥∞) and k ≥ 1. So Extn+kR (W,M) = 0 for k ≥ 1 by noting
that ExtkR(W,L)
∼= Extn+kR (W,M), as desired.
(2) Since G ∈ Pn, we get that
⊥(G⊥∞) ⊆ ⊥((Pn)
⊥∞). By [28, Theorem 4.1.12], (Pn, (Pn)
⊥)
is a hereditary cotorsion pair. So ⊥((Pn)
⊥∞) = Pn.
(3) Let U =
⊕
i>0
ΩiG. It is clear that G⊥∞ = U⊥. If n = 0 and G is Gorenstein projective,
then U is also Gorenstein projective. So the result holds by [24, Theorem 3.2] and [28, Corollary
3.2.4].
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For n ≥ 1, we assume that GpdRG ≤ n. Then Ω
nG is Gorenstein projective, and so every R-
module in ⊥((ΩnG)⊥∞) is Gorenstein projective. Let L be an R-module in (ΩnG)⊥∞ . Assume
that N is an R-module in ⊥(G⊥∞). Thus Extn+1R (N,L) = 0 by (1), and hence Ext
1
R(Ω
nN,L) ∼=
Extn+1R (N,L) = 0. It follows that Ω
nN ∈ ⊥((ΩnG)⊥∞) and then ΩnN is Gorenstein projective.
So GpdRN ≤ n. This completes the proof. 
Strongly Gorenstein projective modules. Recall that an R-module M is called strongly
Gorenstein projective [12] if there is an exact sequence of projective R-modules
P : · · · // P
f
// P
f
// P
f
// P
f
// · · ·
such that M ∼= ker(f) and HomR(P, Q) is exact for every projective R-module Q.
All projective R-modules are strongly Gorenstein projective and the class of strongly Goren-
stein projective modules is closed under direct sums. The principal role of the strongly Goren-
stein projective modules is to give the following characterization of Gorenstein projective mod-
ules [12, Theorem 2.7]: an R-module is Gorenstein projective if and only if it is a direct
summand of a strongly Gorenstein projective R-module. Moreover, a careful reading of the
proof of [12, Theorem 2.7] gives the following lemma.
Lemma 2.3. If · · · → P−1
f−1
−−→ P 0
f0
−→ P 1
f1
−→ · · · is an exact sequence of projective R-modules
with all ker(f i) Gorenstein projective, then ⊕ ker(f i) is strongly Gorenstein projective.
Recall that a full subcategory C of R-Mod is thick [31] if C is closed under direct summands
and has the two out of three property: for every exact sequence of R-modules 0→ A→ B →
C → 0 with two terms in C, then the third one is also in C.
Following [10], a complete hereditary cotorsion pair (A,B) is said to be projective if A ∩ B
is the class of projective R-modules.
Lemma 2.4. ([40, Lemma 2.1]) The following are true for any strongly Gorenstein projective
R-module N :
(1) N⊥ is a thick subcategory of R-Mod.
(2) (⊥(N⊥), N⊥) is a projective cotorsion pair.
Tilting modules. Let us recall some basic facts about (not necessarily finitely generated)
tilting modules. An R-module T is tilting [1, 21] provided that the following hold:
(T1) pdRT < ∞.
(T2) ExtiR(T, T
(λ)) = 0 for each i ≥ 1 and for every cardinal λ.
(T3) There is a long exact sequence 0→ R→ T0 → · · · → Tr → 0 with Ti ∈ AddT for 0 ≤ i
≤ r, where r is the projective dimension of T .
The class T⊥∞ is called the tilting class induced by T . Further, T and T⊥∞ are called
n-tilting when T ∈ Pn. An n-tilting class B can be characterized by the properties: B is closed
under direct sums, (⊥B,B) is a complete hereditary cotorsion pair and ⊥B ⊆ Pn. By the proof
of [1, Theorem 4.1], we have the following lemma.
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Lemma 2.5. Let C = (A,B) be a complete hereditary cotorsion pair over a ring R. If B is an
n-tilting class, then KC = AddT for a tilting R-module T .
We end this section with the following example which shows that the converse of Lemma 2.5
is not true in general.
Example 2.6. Let R be a ring and N a strongly Gorenstein projective R-module but not
projective (see [12, Example 2.5]). Then C = (⊥(N⊥), N⊥) is a projective cotorsion pair by
Lemma 2.4. Thus KC = AddR. We claim that N
⊥ is not a tilting class. Indeed, if N⊥
is a tilting class, then pdRN < ∞ by [1, Theorem 4.1]. Hence N is projective. This is a
contradiction.
3. Proof of Theorem 1.1
In the following part, we will prove our main theorem. For this purpose, we need some
technical results.
One can check that an R-module M is Gorenstein projective if and only if there is an exact
sequence 0 → M → Q0
g0
−→ · · · → Qn
gn
−→ · · · such that Qj is projective and ExtiR(ker(g
j), L)
= 0 for every projective R-module L, j ≥ 0 and i ≥ 1. Moreover, we have the following lemma.
Lemma 3.1. Let G be an R-module and n a nonnegative integer. The following are equivalent:
(1) GpdRG ≤ n.
(2) There is an exact sequence of R-modules
0 // G // P 0
f0
// · · · // Pm
fm
// · · ·
with pdRP
j ≤ n such that ExtiR(ker(f
j), P ) = 0 for every projective R-module P , j ≥
0 and i ≥ n+ 1.
Proof. (1) ⇒ (2). By [18, Lemma 2.17], there is an exact sequence 0→ G → D
α
−→ G0 → 0 of
R-modules with G0 Gorenstein projective and pdRD ≤ n. Thus there is an exact sequence of
R-modules
0 // G0
β
// P 1
f1
// · · · // Pm
fm
// · · ·
with each P j projective such that ExtiR(ker(f
j), P ) = 0 for every projective R-module P , j ≥
1 and i ≥ 1. So we have the exact sequence of R-modules
0 // G // P 0
f0
// P 1
f1
// · · · // Pm
fm
// · · ·
with f0 = βα and P 0 = D. By [29, Theorem 2.20], ExtiR(G,P ) = 0 for every projective
R-module P and i ≥ n+ 1, as desired.
(2) ⇒ (1). To prove that GpdRG ≤ n, it is sufficient to prove that Ω
nG is Gorenstein
projective. Consider the exact sequence 0 → ker(fm)→ Pm → ker(fm+1) → 0 for all m ≥ 0,
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we can construct the following commutative diagram as in [26, Lemma 8.2.1]
0 0 0
0 // ker(fm) //
OO
Pm //
OO
ker(fm+1) //
OO
0
0 // Qm,0 //
OO
Qm,0 ⊕Qm+1,0 //
OO
Qm+1,0 //
OO
0
...
OO
...
OO
...
OO
0 // Ωn ker(fm) //
OO
ΩnPm //
OO
Ωn ker(fm+1) //
OO
0
0
OO
0
OO
0,
OO
where rows and columns are exact and each Qt,k is projective. Since pdRP
m ≤ n, ΩnPm is
projective for allm ≥ 0. Note that ΩnG = Ωn ker(f0). Thus we have the following commutative
diagram with exact row
0 // ΩnG // ΩnP 0 // · · · // ΩnPm−1
''PP
PP
PP
P
// ΩnPm // · · ·
Ωn ker(fm)
77♣♣♣♣♣♣♣
''❖❖
❖❖
❖❖
❖❖
0
66♥♥♥♥♥♥♥♥♥
0.
By assumption, one can check that ExtjR(Ω
n ker(fm), P ) ∼= Ext
n+j
R (ker(f
m), P ) = 0 for every
projective R-module P , j ≥ 1 and m ≥ 0. Hence ΩnG is Gorenstein projective, as desired.
This completes the proof. 
Lemma 3.2. Let R be a ring and C = (A,B) a complete hereditary cotorsion pair of R-modules.
If KC ⊆ Pn, A ⊆ GPn and G is an R-module in A, then there is a strongly Gorenstein projective
R-module N in A such that ΩnG is a direct summand of N .
Proof. Let G be an R-module in A. Note that (A,B) is a complete cotorsion pair. Then there
is an exact sequence of R-modules
0 // G // P 0
f0
// · · · // Pm
fm
// · · ·
with P j ∈ KC and ker(f
j) ∈ A for j ≥ 0. By assumption, A ⊆ GPn. Thus GpdR ker(f
j) ≤
n for j ≥ 0. It follows that Extn+iR (ker(f
j), P ) = 0 for any projective R-module P , j ≥ 0 and
i ≥ 1 by [29, Theorem 2.20]. Using similar arguments as in the proof of (2) ⇒ (1) in Lemma
3.1, we get an exact sequence of R-modules
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0 // ΩnG // ΩnP 0
g0
// · · · // ΩnPm−1
''PP
PP
PP
P
gm−1
// ΩnPm
gm
// · · ·
Ωn ker(fm)
77♣♣♣♣♣♣♣
''❖❖
❖❖
❖❖
❖❖
0
66♥♥♥♥♥♥♥♥♥
0
where ΩnP j is projective and ker(gj) = Ωn ker(f j) is Gorenstein projective for j ≥ 0. Since
each ker (f j) ∈ A and (A,B) is a hereditary cotorsion pair, Ωn ker (f j) ∈ A for j ≥ 0. So we
obtain an exact sequence of R-modules
P+ : 0→ Ω
nG→ ΩnP 0
g0
−→ · · · → ΩnPm
gm
−−→ · · · ,
where ker(gj) is Gorenstein projective and belonging to A for j ≥ 0. On the other hand, we
notice that ΩnG is Gorenstein projective and belonging to A, thus we have an exact sequence
of R-modules
P− : · · · → P
−m g
−m
−−−→ · · · → P−1
g−1
−−→ ΩnG→ 0,
where P j is projective and ker(gj) is a Gorenstein projective R-module in A for j ≤ −1.
Gluing the two sequences P− and P+ above, we obtain an exact sequence of projective
R-modules
· · · → P−m
g−m
−−−→ · · · → P−1
g−1
−−→ ΩnP 0
g0
−→ · · · → ΩnPm
gm
−−→ · · ·
such that each ker(gj) is a Gorenstein projective R-module in A. Let N = ⊕ ker(gj). Then N
is strongly Gorenstein projective by Lemma 2.3. It is clear that N is in A and ΩnG is a direct
summand of N . This completes the proof. 
The following is a key result to prove Theorem 1.1.
Proposition 3.3. Let G be an R-module and n a nonnegative integer. Then the following are
equivalent:
(1) There is a strongly Gorenstein projective R-module N in ⊥(G⊥∞) such that ΩnG is a
direct summand of N .
(2) ⊥(G⊥∞) ⊆ GPn and KG ⊆ Pn.
Proof. (1) ⇒ (2). By (1), there is a strongly Gorenstein projective R-module N in ⊥(G⊥∞)
such that ΩnG is a direct summand of N . Then ΩnG is Gorenstein projective. Thus GpdRG
≤ n, and so ⊥(G⊥∞) ⊆ GPn by Lemma 2.2(3).
For any H ∈ KG, to prove that H ∈ Pn, by Lemma 2.4(2), we only need to show that Ω
nH
∈ ⊥(N⊥) ∩ N⊥. It is clear that H ∈ N⊥ since N ∈ ⊥(G⊥∞) and H ∈ G⊥∞ . Note that N⊥ is
thick by Lemma 2.4(1) and every projective R-module is in N⊥. Thus ΩnH ∈ N⊥. Next we
will prove that ΩnH is in ⊥(N⊥). LetK be an R-module in N⊥. SinceN is strongly Gorenstein
projective, there is an exact sequence 0→ N → P → N → 0 with P projective. It follows that
N⊥ = N⊥∞ , and so K ∈ N⊥∞ . Since ΩnG is a direct summand of N , ExtiR(Ω
nG,K) = 0 for
i ≥ 1. It follows that Extn+iR (G,K) = 0 for i ≥ 1. By Lemma 2.2(1), Ext
n+1
R (H,K) = 0. Thus
Ext1R(Ω
nH,K) = 0, and hence ΩnH ∈ ⊥(N⊥). So ΩnH ∈ ⊥(N⊥) ∩ N⊥, as desired.
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(2)⇒ (1). Note that (⊥(G⊥∞), G⊥∞) is a complete hereditary cotorsion pair by Lemma 2.1.
The proof follows from Lemma 3.2. 
Remark 3.4. Assume that M is an R-module of finite projective dimension at most n and
N is a strongly Gorenstein projective R-module. Note that Ωn(M ⊕ N) can be taken to be
ΩnM⊕N . Since ΩnM is projective, it is clear that ΩnM⊕N is a strongly Gorenstein projective
R-module in ⊥((M ⊕N)⊥∞). Hence M ⊕N satisfies the condition (1) of Proposition 3.3.
The following well-known lemma will play a useful role in our investigations.
Lemma 3.5. (Dimension shifting) Let R be a ring, n a positive integer, and M an R-module.
Fix an exact sequence of R-modules 0 → K → Tn → · · · → T1 → L → 0. The following are
true:
(1) If ExtiR(M,Ts) = 0 for 1 ≤ s ≤ n and i ≥ 1, then Ext
n+j
R (M,K)
∼= Ext
j
R(M,L) for
all j ≥ 1.
(2) If ExtiR(Ts,M) = 0 for 1 ≤ s ≤ n and i ≥ 1, then Ext
n+j
R (L,M)
∼= Ext
j
R(K,M) for
all j ≥ 1.
Now we can give the proof of Theorem 1.1.
3.6. Proof of Theorem 1.1. (1) ⇒ (2). It is only need to prove that A ⊆ GPn. Let M
be an R-module in A. Since (A,B) is a complete cotorsion pair, there is an exact sequence of
R-modules
0 // M // X0
f0
// · · · // Xm
fm
// · · ·
such that each Xj ∈ KC and each ker(f
i) ∈ A. Note that there is an exact sequence 0→ R→
T0 → · · · → Tn → 0 of R-modules with each Ti ∈ AddT . Thus, for every free R-module R
(I),
we have the following exact sequence of R-modules
0→ R(I) → T
(I)
0 → · · · → T
(I)
n → 0,
where each T
(I)
i ∈ B since AddT = KC ⊆ B. It follows from Lemma 3.5(1) that Ext
n+i
R (A,R
(I))
∼= ExtiR(A,T
(I)
n ) = 0 for all A ∈ A and i ≥ 1. Hence Ext
n+i
R (A,P ) = 0 for every projective
R-module P and i ≥ 1. Therefore Extn+iR (ker(f
j), P ) = 0 for every projective R-module P , j
≥ 0 and i ≥ 1. It is clear that pdRX
j ≤ n since Xj ∈ KC = AddT . Thus GpdRM ≤ n by
Lemma 3.1.
(2) ⇒ (3). Since (A,B) is a complete cotorsion pair, there is an exact sequence 0 → R →
T0 → · · · → Tn−1 → A → 0 of R-modules with A ∈ A and Tj ∈ KC for 0 ≤ j ≤ n − 1. Let T
= A ⊕ ⊕n−10 Ti. We will check that T is an n-tilting R-module. Note that each Tj ∈ B and
A ⊆ GPn, Ext
i
R(M,A)
∼= Extn+iR (M,R) = 0 for all M ∈ A and i ≥ 1 by Lemma 3.5(1). It
follows that A ∈ B, and then A ∈ KC. Therefore T ∈ KC, and hence T ∈ Pn since KC ⊆ Pn
by assumption. It is easy to check that ExtiR(T, T
(λ)) = 0 for all i ≥ 1 and each cardinal λ by
noting that KC is closed under direct sums. So T is an n-tilting R-module and AddT ⊆ KC.
Applying Lemma 3.2, for each L in A, we obtain a strongly Gorenstein projective R-module
NL in A such that Ω
nL is a direct summand of NL. Let X be the class {NL | L ∈ A}. Then
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{T} ∪ X ⊆ A. Next we check that B = T⊥∞ ∩ X⊥∞ . It is clear that B ⊆ T⊥∞ ∩ X⊥∞ . For
the reverse containment, assume that L is an R-module in A and H is an R-module in T⊥∞ ∩
NL
⊥∞ . By [9, Theorem 3.11], there is an exact sequence of R-modules
0 // Kn−1 // T
′
n−1
// · · · // T ′1
// T ′0
// H // 0
with T ′j ∈ AddT . It is clear that pdRT
′
j ≤ n for 0 ≤ j ≤ n−1. Since NL is strongly Gorenstein
projective, T ′j ∈ NL
⊥∞ for 0 ≤ j ≤ n− 1. Note that H ∈ NL
⊥∞ and NL
⊥ = NL
⊥∞ . Applying
Lemma 2.4(1), Kn−1 ∈ NL
⊥∞ . Since ΩnL is a direct summand of NL, Ext
i
R(Ω
nL,Kn−1) =
0, and so Extn+iR (L,Kn−1) = 0 for i ≥ 1. Since T
′
j ∈ KC for 0 ≤ j ≤ n − 1, Ext
i
R(L,H)
∼=
Extn+iR (L,Kn−1) for i ≥ 1 by Lemma 3.5(1). Then Ext
i
R(L,H) = 0 for i ≥ 1, and so L ∈
⊥(T⊥∞ ∩ NL
⊥∞) ⊆ ⊥(T⊥∞ ∩ X⊥∞). It follows that A ⊆ ⊥(T⊥∞ ∩ X⊥∞), and then T⊥∞ ∩
X⊥∞ ⊆ B. So B = T⊥∞ ∩ X⊥∞ .
(3) ⇒ (1). It is clear that AddT ⊆ A. Note that T is a tilting R-module and each object
in X is strongly Gorenstein projective. It follows that AddT ⊆ X⊥∞ , and so AddT ⊆ KC
since B = T⊥∞ ∩ X⊥∞ . For the reverse containment, we assume that K ∈ KC. Let M be an
R-module in T⊥∞ . Then there exists an exact sequence 0→ L→ Tn−1 → · · · → T0 →M → 0
of R-modules with Tj ∈ AddT for 0 ≤ j ≤ n − 1 by [9, Theorem 3.11]. Since AddT ⊆ KC by
the proof above, Tj ∈ KC for 0 ≤ j ≤ n − 1. Thus each Tj is in K
⊥∞ , and so ExtiR(K,M)
∼= Extn+iR (K,L) for i ≥ 1 by Lemma 3.5(1). By assumption, KC ⊆ Pn. Then K ∈ Pn. Thus
ExtiR(K,M)
∼= Extn+iR (K,L) = 0 for i ≥ 1. Therefore K ∈
⊥(T⊥∞). It is clear that K ∈ T⊥∞ .
Then K ∈ AddT by noting that KT = AddT . So KC ⊆ AddT , as desired.
(3) ⇒ (4). By assumption, B = G⊥∞ for an R-module G. Using similar arguments as in the
proof of (2) ⇒ (3), one can check that B = T⊥∞ ∩NG
⊥∞ , where NG is a strongly Gorenstein
R-module such that ΩnG is a direct summand of NG.
(4) ⇒ (3). Note that T⊥∞ ∩N⊥∞ = (T ⊕ N)⊥∞ . By Proposition 3.3 and Remark 3.4, we
obtain the desired result.
(2) ⇒ (5) follows from Lemma 3.2.
(5) ⇒ (2) holds by Proposition 3.3 by noting that KG = KC and
⊥(G⊥∞) = A.
(5) ⇒ (6). By assumption, we only need to prove that (ΩnG)⊥∞ = M⊥∞ . It is clear that
M⊥∞ ⊆ (ΩnG)⊥∞ since ΩnG is a direct summand of M . Let L be an R-module in (ΩnG)⊥∞ .
Then Extn+iR (G,L) = 0 for i ≥ 1. By Lemma 2.2, Ext
n+i
R (M,L) = 0 for i ≥ 1. Since M is
strongly Gorenstein projective, there is an exact sequence 0 → M → P → M → 0 with P
projective. It follows that ExtjR(M,L) = 0 for j ≥ 1. Then we have (Ω
nG)⊥∞ = M⊥∞ .
(6)⇒ (5). By assumption, N is strongly Gorenstein projective and (ΩnG)⊥∞ = N⊥∞ . Note
that N⊥ = N⊥∞ . It follows that ΩnG ∈ ⊥(N⊥). Applying Lemma 2.4(2), (⊥(N⊥), N⊥) is a
projective cotorsion pair. By Lemma 3.2, there is a strongly Gorenstein projective R-module
M in ⊥(N⊥) such that Ω0(ΩnG) is a direct summand of M . It is clear that Ω0(ΩnG) = ΩnG,
and so ΩnG is a direct summand of M . By assumption, N ∈ ⊥(G⊥∞). It follows that M ∈
⊥(N⊥) = ⊥(N⊥∞) ⊆ ⊥(G⊥∞). Hence M is in ⊥(G⊥∞). This completes the proof. ✷
Corollary 3.7. Let T be an n-tilting R-module and N a strongly Gorenstein projective R-
module. Then KT⊕N = AddT .
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Proof. This can be checked by the proof of (3) ⇒ (1) in Theorem 1.1. 
Given an infinite cardinal number λ, an R-module M is said to be λ<-generated if it is
generated by less than λ elements. Furthermore, we have the following corollary.
Corollary 3.8. Let C = (A,B) be a complete hereditary cotorsion pair of R-modules such that
KC = AddT for a tilting R-module T . If each Gorenstein projective R-module is a direct sum
of λ<-generated R-modules for some infinite cardinal λ, then there is an R-module G such
that B = G⊥∞ .
Proof. Note that KC = AddT for a tilting R-module by hypothesis. Using Theorem 1.1, B =
T⊥∞ ∩ X⊥∞ , where X is a class of strongly Gorenstein projective R-modules. By assumption,
each Gorenstein projective R-module is a direct sum of λ<-generated modules for an infinite
cardinal number λ. Thus each module in X is a direct sum of such modules. It is easy to see
that there is an R-module M such that X⊥∞ = M⊥∞ . Let G = T ⊕M . It is clear that B =
G⊥∞ . 
4. Applications
Following [14], we denote by FP∞ the class of R-modules possessing a projective resolution
consisting of finitely generated modules. The objects of FP∞ are sometimes referred to as
the finitely ∞-presented modules (see [16]). If R is left Noetherian (left coherent), then FP∞
coincides with the class of finitely generated (finitely presented) R-modules.
Lemma 4.1. Let R be a ring and M be a Gorenstein projective R-module. If M ∈ FP∞, then
there is a strongly Gorenstein projective R-module N such that M is a direct summand of N ,
where N is a direct sum of finitely generated Gorenstein projective R-modules.
Proof. Let M be a Gorenstein projective R-module in FP∞. By [39, Lemma 2.7], there is an
exact sequence P+ : 0→ M → P
0 f
0
−→ · · · → Pn
fn
−→ · · · with P i finitely generated projective
and ker(f i) finitely generated Gorenstein projective for i ≥ 0. Note that M is in FP∞. It
follows from [29, Theorem 2.5] that there exists an exact sequence P− : · · · → P
−n f
−n
−−→ · · · →
P−1
f−1
−−→ M → 0, where P i is finitely generated projective and ker(f i) is finitely generated
Gorenstein projective for i ≤ −1. Gluing the two sequences P− and P+ above, we obtain an
exact sequence · · · → P−1
f−1
−−→ P 0
f0
−→ P 1
f1
−→ · · · of finitely generated projective R-modules
with each ker(f i) finitely generated Gorenstein projective. Let N = ⊕ ker(f i). It follows that
N is strongly Gorenstein projective by Lemma 2.3 and M is a direct summand of N . 
The following lemma is essentially taken from [42, Lemma 4.4], where a variation of it
appears. The proof given there carries over to the present situation.
Lemma 4.2. Let R be a left Noetherian ring. Then findimR = sup{GpdRM | M is finitely
generated and GpdRM <∞}.
We are now in a position to prove Theorem 1.2.
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4.3. Proof of Theorem 1.2. (1)⇒ (2) follows from [4, Theorem 2.6] and Lemma 2.5.
(2)⇒ (1) holds by Theorem 1.1 by noting that GpdRM = pdRM whenever pdRM <∞.
(1) ⇒ (3). It is clear that there is a set S ⊆ GP<∞ such that each module in GP<∞ is
isomorphic to an element in S. Let G = ⊕Gi be the direct sum of all elements Gi in S. Then
(GP<∞)⊥∞ = S⊥∞ = G⊥∞ , and so C = (⊥((GP<∞)⊥∞),GP⊥∞) is a complete hereditary
cotorsion pair.
Assume that findimR = n < ∞. Then each Gi ∈ GPn by Lemma 4.2. It is clear that Ω
nGi
can be taken to be finitely generated and Gorenstein projective. For each ΩnGi, by Lemma 4.1,
there is a strongly Gorenstein projective R-module Ni such that Ni is a direct sum of finitely
generated Gorenstein projective R-modules and ΩnGi is a direct summand of Ni. Let Ω
nG =
⊕ΩnGi and N = ⊕Ni. It is clear that N is strongly Gorenstein projective and Ω
nG is a direct
summand of N . By the construction, N is also a direct sum of finitely generated Gorenstein
projective R-modules. Note that each finitely generated Gorenstein projective R-module is
in GP<∞. It follows that N ∈ ⊥((GP<∞)
⊥∞) since GP<∞ ⊆ ⊥((GP<∞)
⊥∞). Since R is left
Noetherian and each Gi is finitely generated, it is easy to check that KC = KG is closed under
direct sums. By Theorem 1.1, KC = AddT , where T is a tilting R-module.
(3) ⇒ (1). By hypothesis and Theorem 1.1, ⊥((GP<∞)
⊥∞) ⊆ GPn. It follows that GP
<∞
⊆ GPn. So findimR ≤ n by Lemma 4.2. ✷
Recall that an R-module ω is said to be a Wakamatsu tilting module [33, 38] if it has the
following properties:
(W1) there exists an exact sequence · · · → Pi → · · · → P0 → ω → 0 with Pi finitely generated
and projective for i ≥ 0;
(W2) ExtiR(ω, ω) = 0 for i ≥ 1;
(W3) there exists an exact sequence 0 → R → ω0
f0
−→ · · · → ωi
fi
−→ · · · with ωi ∈ addω and
ker(fi) ∈
⊥∞ω for i ≥ 0.
The following result contains Theorem 1.3 from the introduction.
Theorem 4.4. Let R be a ring and ω a Wakamatsu tilting R-module. Fix an exact sequence
0→ R→ ω0
f0
−→ · · · → ωi
fi
−→ · · · with ωi ∈ addω and ker(fi) ∈
⊥∞ω for i ≥ 0. If we set A =
⊕
i>0
ker(fi), then the following are equivalent for any nonnegative integer n:
(1) ω is an n-tilting R-module.
(2) ω⊥>n = A⊥>n and KA = AddT , where T is an n-tilting R-module.
(3) ω⊥>n ⊇ A⊥>n and KA = AddT , where T is an n-tilting R-module.
(4) Kω⊕A = AddT , where T is an n-tilting R-module.
Proof. (1) ⇒ (2). Assume that ω is an n-tilting R-module. To prove ω⊥>n = A⊥>n, it is
sufficient to show that A ∈ Pn. Note that ker(fi) ∈ FP∞ for any i ≥ 0 by [16, Theorem 1.8].
It follows from [28, Lemma 3.1.6] that A⊥∞ is closed under direct sums. Hence KA is closed
under direct sums. Let P be any projective R-module. Since ω is an n-tilting R-module, there
is an exact sequence
0→ P → T0 → · · · → Tn → 0
13
with Ti ∈ Addω for 0 ≤ i ≤ n. By the proof above, A
⊥∞ is closed under direct sums. Then
Addω ⊆ A⊥∞ . It follows from Lemma 3.5(1) that Extn+jR (A,P )
∼= Ext
j
R(A,Tn) for j ≥ 1, and
so Extn+jR (A,P ) = 0 for j ≥ 1. Hence Ext
n+j
R (ker(fi), P ) = 0 for i ≥ 0 and j ≥ 1. On the
other hand, since pdRωi ≤ n for any ωi ∈ addω, we have that pdR ker(fi) < ∞. This implies
that each pdR ker(fi) ≤ n by [29, Theorem 2.20 and Proposition 2.27], and then A ∈ Pn. By
Lemma 2.2, ⊥(A⊥∞) ⊆ Pn. Applying Theorem 1.1, we obtain that KA = AddT .
(2) ⇒ (3) is clear.
(3) ⇒ (4). By Theorem 1.1, there is a strongly Gorenstein projective R-module N in
⊥(A⊥∞) such that (ΩnA)⊥∞ = N⊥∞ . By assumption, ω⊥>n ⊇ A⊥>n. It follows that (Ωnω)⊥∞
⊇ (ΩnA)⊥∞ . Then (Ωn(ω ⊕ A))⊥∞ = (Ωnω)⊥∞ ∩ (ΩnA)⊥∞ = N⊥∞ . It is clear that N is in
⊥((ω⊕A)⊥∞). Using similar arguments as in the proof of (1) ⇒ (2), one can check that Kω⊕A
is closed under direct sums. By Theorem 1.1, we obtain that Kω⊕A = AddT , where T is an
n-tilting R-module.
(4) ⇒ (1). Since ExtiR(im(fn), N) = 0 for any N ∈ addω and i ≥ 1 by hypothesis,
Ext1R(im(fn), im(fn−1))
∼= Extn+1R (im(fn), R) by Lemma 3.5(1). It follows from Theorem 1.1
that im(fn) ∈ GPn, and hence Ext
1
R(im(fn), im(fn−1)) = 0. Consequently, we obtain the
following exact sequence
0→ R→ ω0
f0
−→ ω1
f1
−→ · · · → ωn−1
fn−1
−−−→ im(fn−1)→ 0
with im(fn−1) ∈ addω and ωi ∈ addω for 0 ≤ i ≤ n− 1. So ω is an n-tilting R-module. 
Corollary 4.5. Let ω be a Wakamatsu tilting R-module with finite projective dimension. Keep
the notations as in Theorem 4.4. Then the following are equivalent:
(1) ω is a tilting R-module.
(2) KA = AddT , where T is a tilting R-module.
(3) Kω⊕A = AddT , where T is a tilting R-module.
Remark 4.6. It is still an open problem whether a Wakamatsu tilting R-module of finite
projective dimension must be a tilting R-module whenever R is an Artin algebra. This is known
as Wakamatsu Tilting Conjecture (see [11, Chapter IV]). Mantese and Reiten [33] showed that
the Wakamatsu Tilting Conjecture is a special case of the Finitistic Dimension Conjecture.
These conjectures are also related to many other homological conjectures and attract many
algebraists, see for instance [4, 11, 17, 33, 41, 42, 43].
Let R be a ring. A left R-module M is called FP∞-injective (or absolutely clean) [15] if
Ext1R(N,M) = 0 for all R-modules N ∈ FP∞. Let FP∞-Inj be the class of FP∞-injective
R-modules, then FP∞-Inj = (FP∞)
⊥∞ by [15, Propositon 2.7]. It is clear that there is an R-
module G such that FP∞-Inj = G
⊥∞ . Thus (⊥(FP∞-Inj), FP∞-Inj) is a complete hereditary
cotorsion pair over a general ring.
Recall that a left R-module M is FP -injective (or absolutely pure) [32, 36] provided that
Ext1R(N,M) = 0 for all finitely presented left R-modules N . If R is left coherent, then FP∞-
injective R-modules coincides with the class of FP -injective R-modules.
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The FP -injective dimension of M is defined to be the least nonnegative integer n such that
Extn+1R (N,M) = 0 for all finitely presented left R-modules N .
A coherent ring R is called n-FC [22] if R has left and right FP -injective dimension at most
n. In the case of Noetherian rings, an n-FC ring coincides with an n-Gorenstein ring originally
defined by Iwanaga in [30].
Proposition 4.7. Let R be a ring and KC the kernel of C = (
⊥(FP∞-Inj), FP∞-Inj). Then
the following are true for any nonnegative integer n:
(1) FP∞ ⊆ GPn if and only if KC = AddT , where T is an n-tilting R-module.
(2) If R is a commutative coherent ring, then R is n-FC if and only if KC = AddT , where
T is an n-tilting R-module.
Proof. (1) “ ⇒ ”. Assume that FP∞ ⊆ GPn. It is clear that FP∞-Inj = G
⊥∞ for an
R-module G. Using similar arguments as in the proof of Theorem 1.2, there is a strongly
Gorenstein projective R-module N in ⊥(FP∞-Inj) such that Ω
nG is a direct summand of N .
It is clear that KC is closed under direct sums. By Theorem 1.1, KC = AddT , where T is an
n-tilting R-module.
“⇐ ”. The proof follows from Theorem 1.1.
(2) Let FP be the class of finitely presented R-modules. If R is a commutative coherent
ring, then FP = FP∞ and FP∞-injective R-modules coincides with the class of FP -injective
R-modules. The proof follows from [22, Theorem 7] and (1). 
Recall that an R-moduleM is called Gorenstein injective [25] if there exists an exact sequence
I : · · · → I1 → I0 → I
0 → I1 → · · · of injective R-modules with M ∼= im(I0 → I
0) such that
HomR(E, I) is exact for every injective R-module E.
Let GI be the class of Gorenstein injective R-modules. By [35, Theorem 4.6], the cotorsion
pair C = (⊥GI, GI) is complete. It is easy to check that C is hereditary and KC coincides with
the class of injective R-modules. The following result contains (1)⇔ (2)⇔ (3) of Theorem 1.4
from the introduction.
Proposition 4.8. Let R be a ring and I the class of injective R-modules. The following are
equivalent for a nonnegative integer n:
(1) R is left Noetherian and R-Mod = GPn.
(2) KC = AddT , where C = (
⊥GI, GI) and T is an n-tilting R-module.
(3) KC = AddT , where C = (R-Mod, I) and T is an n-tilting R-module.
Proof. (1) ⇒ (2). It is easy to check that KC = I. Then KC is closed under direct sums since
R is left Noetherian. By [23, Theorem 4.1], KC ⊆ Pn. Applying Theorem 1.1, we obtain that
KC = AddT , where T is an n-tilting R-module.
(2) ⇒ (3) holds by noting that the kernel of the cotorsion pair (⊥GI, GI) is the class of
injective R-modules.
(3)⇒ (1). By assumption, I is closed under direct sums. It follows that R is left Noetherian.
By Theorem 1.1, we have that R-Mod = GPn. This completes the proof. 
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Let R be a commutative Noetherian ring of finite Krull dimension, in [27], it is proved that
R is a Gorenstein ring if and only if every acyclic complex of projective R-modules is totally
acyclic. We end this paper with the following result which contains (1)⇔ (4)⇔ (5) of Theorem
1.4 from the introduction.
Proposition 4.9. Consider the following conditions for a ring R:
(1) R is a Gorenstein ring.
(2) For any exact sequence · · · → T2
d2−→ T1
d1−→ T0
d0−→ · · · of tilting R-modules, KC =
AddT , where C = (⊥((⊕ ker(di))
⊥∞), (⊕ ker(di))
⊥∞) and T is a tilting R-module.
(3) For any exact sequence · · · → T2
d2−→ T1
d1−→ T0
d0−→ · · · of tilting R-modules, each ker(di)
has finite Gorenstein projective dimension.
Then (1) ⇒ (2) ⇒ (3). The converses hold if R is a commutative Noetherian ring of finite
Krull dimension.
Proof. (1) ⇒ (2). Let · · · → T2
d2−→ T1
d1−→ T0
d0−→ · · · be an exact sequence of tilting R-
modules and G = ⊕ ker(di). Since R is Gorenstein by hypothesis, there exists a nonnegative
integer n such that each R-module has finite Gorenstein projective dimension at most n by
[26, Theorem 12.3.1]. So ker(di) ∈ GPn and Ti ∈ GPn for i ∈ Z. Thus Ti ∈ Pn for i ∈ Z by
[29, Proposition 2.27]. By the proof of (2) ⇒ (1) in Lemma 3.1, there exists an exact sequence
· · · → P2
β2
−→ P1
β1
−→ P0
β0
−→ · · · of projective R-modules with each ker(βi) Gorenstein projective
such that Ωn ker(di) ∼= ker(βi) for all i ∈ Z and Ω
nG ∼= ⊕ ker(βi). Hence Ω
nG is strongly
Gorenstein projective by Lemma 2.3. It is clear that ΩnG ∈ ⊥(G⊥∞) since (⊥(G⊥∞), G⊥∞) is
hereditary. Thus, to show that KC = AddT , it suffices to show that KG is closed under direct
sums by Theorem 1.1.
Let H = ⊕Hj with Hj ∈ KG. It is clear that H ∈
⊥(G⊥∞). To prove that H ∈ G⊥∞ , we
only need to show that H ∈ ker(di)
⊥∞ for all i ∈ Z. Note that each Hj ∈ ker(di)
⊥∞ for all i ∈
Z. Applying HomR(−,Hj) to the short exact sequence 0→ ker(di)→ Ti → ker(di−1)→ 0, one
can check that Hj ∈ T
⊥∞
i for each i ∈ Z. Thus H ∈ T
⊥∞
i for i ∈ Z since each Ti is n-tilting.
Consider the exact sequence 0 → ker(di) → Ti → Ti−1 → · · · → Ti−n+1 → ker(di−n) → 0, we
have ExtkR(ker(di),H)
∼= Extn+kR (ker(di−n),H) for k ≥ 1 by Lemma 3.5(2). Note that KG ⊆
Pn by Proposition 3.3. It follows that Hj ∈ Pn, and hence H ∈ Pn. Since GpdR ker(di−n) ≤
n for i ∈ Z by the proof above, Extn+kR (ker(di−n),H) = 0 for k ≥ 1 by [29, Theorem 2.20].
Hence ExtkR(ker(di),H) = 0 for k ≥ 1 and so H ∈ ker(di)
⊥∞ for all i ∈ Z, as desired.
(2) ⇒ (3) follows from Theorem 1.1.
(3) ⇒ (1). Assume that R is a commutative Noetherian ring of finite Krull dimension.
Thus, to prove that R is Gorenstein, it suffices to show that every acyclic complex of projective
R-modules is totally acyclic by [27, Corollary 2]. Let P be an acyclic complex of projective
R-modules, it must be a direct summand of an acyclic complex F of free R-modules. Let N
be the direct sum of all cycles of the complex F. Using similar arguments as in the proof
of [12, Theorem 2.7], N is also a cycle of another acyclic complex F′ of free R-modules. By
assumption, there is a nonnegative integer n such that N ∈ GPn. Thus each cycle of F has
Gorenstein projective dimension at most n. It implies that each cycle of the complex F must be
16
Gorenstein projective and so the complex F is totally acyclic. It follows that P is also totally
acyclic. This completes the proof. 
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